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I n  t e r m s  of t h e  c rys t a l  axes a, b, c i t  is possible to  
def ine  rec iproca l  l a t t i ce  axes a*,  b*, c* in t he  usua l  m a n -  
ner .  I f  ~, ~/, ~ r ep re sen t  var iab les  a long the  a*,  b*, c* axes  
respec t ive ly ,  t h e  in t e r fe rence  func t ion  can  be expressed  
in t e rms  of these  quan t i t i e s .  W a r r e n  has  shown  t h a t  w i th  
t he  p a r t i c u l a r  choice of axes  used,  on ly  t h e  z displace-  
m e n t  causes  a b r o a d e n i n g  of t he  rec iproca l  l a t t i ce  spot  
in t h e  c* d i rec t ion .  On in t eg ra t i ng  the  in te r fe rence  func- 
t ion  w i t h  respec t  to  ~, a n d  U, t he  func t iona l  d e p e n d e n c e  
on ~ on ly  is ob ta ined .  W a r r e n  de r ived  the  fol lowing 
e q u a t i o n  for  this  case. 

oo 
Io(~ ) ---N ~ An cos 2~n~ + Bn sin 27~n~ , (3) 

n ~ 0  

w h e r e  $ is de f ined  so t h a t  $c* represen t s  a d i s t ance  a long 
the  c* axis f rom t h e  (h,/c, l) rec iproca l  l a t t i ce  po in t ,  a n d  

Ao = N3 (4) 

2~3 
An = 2 ~ cos 2~(z~ -Zw+~) (5) 

w~0 

Be = 0 (6) 

iV 3 
Bn = 2 __,~' sin 2~(Zw -Zw+n) , (7) 

w = O  

where  Na is the  n u m b e r  of u n i t  cells in the  c rys ta l  in t he  
c d i rec t ion ,  N is t he  n u m b e r  of u n i t  cells c o n t a i n e d  in 
a single re f lec t ing  plane ,  a n d  the  s u m m a t i o n  is t a k e n  
over  a n y  c o l u m n  of un i t  cells de f ined  b y  u a n d  v equa l  
to cons tan t s .  

The  dev ia t i on  of t he  cen t ro id  pos i t ion  of t he  inter-  
ference  func t ion  f rom the  rec iprocal  l a t t i ce  po in t  is g iven  
by  

~ (An cos 2:~n~ + B n  sin 2:~n~)~d~ 
= -~  . = 0  (s)  

..~ (An cos 2~n~ + B n  sin 2~n~)d~ 
~½ n = 0  

E v a l u a t i o n  of e q u a t i o n  (8) resul ts  in 

¢ = 2 ;  [( - 1 ) n / 2 ~ n ] B . .  (9) 

F r o m  e q u a t i o n  (9) it  w o u l d  a p p e a r  t h a t  ~ is zero on ly  for  
ce r t a in  types  of impe r f ec t  la t t ices ,  t he  m o s t  obvious  
be ing  a la t t i ce  w h e r e  pos i t ive  a n d  n e g a t i v e  s t ra ins  of t he  
s ame  m a g n i t u d e  are  equa l ly  p robab le .  Because ,  even  for 
s t ra ins  suff ic ient ly  smal l  to h a v e  a good  p robab i l i t y  of 
exis t ing  in a cold w o r k e d  meta l ,  t he  elastic modu l i i  

d e p e n d  on s t ra in  a m p l i t u d e ;  t he  exac t  sa t i s fac t ion  of th is  
t y p e  of s t ra in  d i s t r i bu t i on  is n o t  obvious .  H o w e v e r ,  
u n d e r  ce r t a in  qu i te  genera l  condi t ions  it  will  be shown  
t h a t  t he  series of e q u a t i o n  (9) converges  to negl ig ib ly  
smal l  values .  

F r o m  equa t ion  (7) it  follows t h a t  

BI= 2N3{-[(2ze)~/3!]Az--~ + [ ( 2 ~ ) 5 / 5 ! ] ~ z z ~ - . . . } ,  (10) 

w h e r e  
2V3 

Az~ = ( 1 / N 3 )  . Z  (zn - Zl +.) ~. 
n = O  

F r o m  e q u a t i o n  (3) i t  follows t h a t  

l ½ I 0 (~)[2z~ - (2~$)3/3 ! + (2n¢)5/5 ! - . . .  ] d ~ .  B 1 -- (2/N) -½ 

(11) 
Combin ing  equa t ions  (10) a n d  (11) we  f ind  

2.$  = [(2~)V3 ~] [ ~ - d ~ ] -  [(2~)5/5 ~] [ ; ~ -  A~] + . . . .  (12) 

I f  t he  in te r fe rence  func t ion  decreases  to  zero suff ic ient ly  
r ap id ly  as $ increases,  t he  t h i rd  and  all h ighe r  m o m e n t s  
of t he  d i s t r i bu t ion  are  ve ry  small .  S imi lar ly ,  if t he  
la t t i ce  s t ra ins  b e t w e e n  ne ighbor ing  u n i t  cells are  suffi- 
c i en t ly  small ,  t he  h ighe r  m o m e n t s  of t he  s t ra in  d is t r ibu-  
t ion  are  negligible.  U n d e r  these  cond i t ions  ~ is v e r y  
nea r ly  zero. 

I f  we  m a k e  the  r easonab le  a s s u m p t i o n  t h a t  ~a and  

Az~ are  b o t h  of t he  same  order ;  an  e s t ima te  of ~ can  be  
ob t a ined  for typ ica l  cold w o r k e d  meta l s .  F o r  example ,  

if we  t a k e  2.10 -3 as an  u p p e r  l imi t  for bo th  (~-3)~ and  

(~z~)~, t h e n  ~ < 1 0  -~, ce r t a in ly  a va lue  which  can be  
neg lec ted .*  Thus  t he  p e r c e n t a g e  er ror  i n t r o d u c e d  by  
a p p r o x i m a t i n g  t h e  reciprocal  m e a n  i n t e r p l a n a r  spac ing  
b y  the  pos i t ion  of t he  in te r fe rence  func t ion  cen t ro id  is 
a b o u t  of the  same  order  as the  m e a n  cubed  s t ra in  b e t w e e n  
ne ighbor ing  un i t  cells. 
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I n  a r e c e n t  p a p e r  (Sim, 1959) on t h e  app l i ca t ion  of t h e  
h e a v y - a t o m  m e t h o d  to n o n - c e n t r o s y m m e t r i c  s t ruc tu re s  
it was  shown  t h a t  i m p r o v e d  reso lu t ion  of t he  a t o m s  could  
be o b t a i n e d  b y  e m p l o y i n g  in t he  Fou r i e r  series ca l cu la t ed  
f rom the  phase  angles  a l l ,  a m p l i t u d e s  WI2'[ r a t h e r  t h a n  

IF[, t he  w e i g h t  W ass igned to a n y  t e r m  d e p e n d i n g  on 
the  p robab l e  m a g n i t u d e  of t he  phase -ang le  e r ror  (a - 0 O H ) .  

As the  e l ec t ron -dens i ty  d i s t r ibu t ion  is fa i r ly  insens i t ive  
to  t he  precise  set  of we igh t s  a d o p t e d ,  a n y  w e i g h t i n g  
func t ion  w h i c h  increases  s m o o t h l y  f rom 0 to  1 as 
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( [C~ -- aH I) decreases from ~r/2 to 0 is probably satisfactory, 
and  no a t t emp t  was made  at  the  t ime to devise the  best  
weight ing function on the basis of a rigorous ma themat -  
ical t rea tment ,  such as carried out  by Woolfson (1956) 
for the  centrosymmetr ical  ease. 

The weights which should be assigned to the structure 
ampli tudes so tha t  the mean-square  error in electron 
densi ty due to the  phase-angle errors (a--all) is mini- 
mized const i tute  wha t  may  be regarded as the best  set 
of weights, and as the  use of these weights puts  the  
procedure on a more satisfactory theoretical basis they  
are derived here. 

Following Blow & Crick (1959) it can be shown tha t  
these weights are defined by 

W = cos ~p (~)d~, 

where 

I t  was shown in the earlier paper tha t  

p(~) = exp (X cos ~)/27rlo(X ) , 
where 

X = 2IF112"HI/2:L 
and consequent ly 

w =I~(x)/Zo(X), 

where I 0 and 11 are respectively the zero-order and 
first-order modified Bessel functions of the first k ind 
(Watson, 1922, p. 77). Values of the weighting factor W 
a r e  listed in Table 1. They differ from the earlier set 
in being consistently smaller for all values of X. Up to 
about  X = 1-5 they  agree fairly closely with the weights 
applicable to the centrosymmetr ical  case. 

The use of the weighting procedure permits  the  
inclusion from the beginning of a structure analysis of 

Table 1. Values of the weighting factor W as a function of 
X = 2[FI [FHI/~,L 

X 
0 0.25 0.50 0.75 1.0 1.5 

W 0 0.124 0.243 0-351 0.446 0.596 

X 
2.0 3.0 4.0 5.0 oo 

W 0-698 0-810 0.864 0.894 1-000 

all the  ]Fol data.  Moreover the calculation of the  phase 
angles and of the electron-density distr ibution can be 
carried out consecutively wi thout  a break to select t he  
data  which are judged, in some more or less subject ive 
manner ,  safe to be included in the Fourier calculation, 
an advantage  when an electronic digital comput ing  
machine is available. 

An example of the  successful application of t he  
me thod  is provided by the  analysis of the  crystal struc- 
ture of epi-limonol iodoacetate,  (C~6Hs1Os)COCH~I (Ar- 
not t ,  Davie, Robertson,  Sire & Watson,  1960), where, 
out  of the  74 light atoms (neglecting hydrogen) in the  
asymmetr ic  crystal unit,  50 were placed in the initial 
three-dimensional  Fourier  series calculated from phase 
angles based on the iodine atoms alone. 
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Announcements and other items of crystallographic interest will be published under this heading at the discretion of the 
Editorial Board. The notes (in duplicate) should be sent to the General Secretary of the International Union of Crystallo- 
graphy (Dr D. W. Stairs, Laboratory of Inorganic and Physical Chemistry, 10 Bloemsingel, Groningen, The Nether- 
lands). 

The 18th Annual Meeting of the Electron 
Microscope Society of America 

will be held August  29-31, 1960 in the Brooks Memorial 
Union Building at  Marquet te  lJniversi ty,  Milwaukee, 
Wisconsin. 

In  addi t ion  to the  general sessions of contr ibuted 
papers, it. is p laned to hold a special session of short 
papers on interesting, useful, and unusual electron micro- 
scopic techniques.  Abstracts (limit---150 words) of papers 
for presentat ion at these sessions may  be submi t ted  to 
Professor W. C. Bigelow, EMSA Program Chairman, 
Depar tmen t  of Chemical and Metallurgical Engineering, 
Univers i ty  of Michigan, Ann Arbor, Michigan before 
May 15, 1960. 

As special features of the meeting,  three symposia 
are also being p lanned on: (1) 'The Structure of Teeth  
and B o n e ' - - F .  J.  SjSstrand, Chairman, (2) 'Recent  De- 
velopmentu in Electron Meta l logmphy ' - -D,  M. Tea gue, 
Chairman, and (3) 'Theory and Applications of Electron 
Diffract ion ' - -G.  R. Grieger, Chairman. These will include 
invi ted  talks by experts on various topics in the fields 
covered by the  symposia. There will also be extensive 
scientific and commercial  exhibits. 

Fur ther  information concerning the  program of the  
meet ing  may  be obtained from the Program Chairman. 
Informat ion  concerning the Scientific and Commercial 
Exhibi t s  may  be obtained from Dr Stanley Weinreb, 
EMSA Local Arrangements  Chairman, Depar tment  of 
Anatomy,  Marquet te  Univers i ty  School of Medicine, 
516 Nor th  15th Street, Milwaukee 3, Wisconsin. 


